We report the results of a calculation of the response of cold neutron matter to neutral-current interactions with low energy neutrinos, carried out using an effective interaction and effective operators consistently derived within the formalism of Correlated Basis Functions. The neutrino mean free path obtained from the calculated responses turns out to be strongly affected by both short and long range correlations, leading to a sizable increase with respect to the prediction of the Fermi gas model. The consistency between the proposed approach and Landau theory of normal Fermi liquids also has been investigated, using a set of Landau parameters obtained from the matrix elements of the effective interaction.
I. INTRODUCTION
Over the past decade, ab initio nuclear many-body approaches -based on dynamical models strongly constrained by the properties of exactly solvable two-and three-nucleon systems -have reached the degree of maturity required to provide a consistent description of a variety of nuclear matter properties other than the zerotemperature equation of state, the knowledge of which is needed for the description of neutron star structure and dynamics.
In this context, an important role was played by the development of effective interactions derived from realistic nuclear Hamiltonians using the formalism of Correlated Basis Functions (CBF) and cluster expansion techniques [1] [2] [3] . Use of these effective interactions allows one to evaluate the nucleon-nucleon scattering rate in nuclear matter, needed to obtain the transport coefficients from Boltzmann's equation [2, 4] , as well as to treat short-and long-range correlation effects in the nuclear response on the same footing [1, 3, 5] .
The response of neutron star matter to weak interactions determines its opacity to neutrinos, which in turn drives the energy loss caused by the flux of neutrinos leaving the star. As a consequence, opacity, conveniently parametrized in terms of the neutrino mean free path, is a key element for the description of neutron star cooling. The neutrino mean free path is in fact one of the critical inputs required for large-scale simulations of neutrino transport.
In Ref. [1] the neutrino mean free path in cold isospin symmetric nuclear matter has been obtained from the weak response computed using a CBF effective interaction, derived taking into account the contribution of two-nucleon clusters and using a nuclear Hamiltonian including two-nucleon interactions only. The authors of Ref. [2] improved on the model of Ref. [1] by adding the effects of three-nucleon interaction, which are known to become dominant at densities larger than the nuclear saturation density, described through a density-dependent modification of the nucleon-nucleon (NN) potential. The resulting effective interaction has been used in Ref. [5] to carry out a detailed analysis of the effects of short-and long-range correlations on the response of isospin symmetric nuclear matter to charged current weak interactions.
In Ref. [3] , the CBF effective interaction has been further improved taking into account the contributions of three-nucleon clusters, the inclusion of which allows one to adopt a fully microscopic model of three-nucleon forces. The resulting effective interaction and the corresponding effective operators have been used to carry out a calculation of the density and spin-density responses of cold isospin symmetric nuclear matter.
The matrix elements of the effective interaction of Ref. [2] have also been used to obtain the set of Landau parameters, which was in turn employed to carry out the calculation of the neutron matter responses within the framework of a conceptually different scheme [6, 7] .
In this article, we apply the approach developed in Ref. [3] to cold neutron matter, and use the resulting response functions to obtain the neutrino mean free path. We also compare the responses computed using the CBF effective operators and effective interaction to the ones obtained from the set of Landau parameters corresponding to the effective interaction of Ref. [3] . Finally, in order to gauge the validity of the approximations involved in our calculations, we compare the sum rules resulting from energy integration of the responses to those obtained evaluating the ground state expectation values of the density and spin-density fluctuation operators.
The main elements of the formalism employed to obtain the response functions and the CBF effective inter-action and effective operators are reviewed in Section II, while Section III is devoted to the discussion of the results of numerical calculations, including the density and spin-density responses, the neutrino mean free path and the static structure functions. Finally, in Section IV we state the conclusions and outline the prospects of our work.
II. FORMALISM A. Neutral current interactions
In the low energy limit of Weinberg-Salam's theory of neutral current weak interactions, the rate of the process in which a neutrino traveling through neutron matter with four-momentum k ≡ (E, k) is scattered to a state of four-momentum k ′ = (E ′ , k ′ ) can be written in the form
where G F is the Fermi coupling constant and q = k−k ′ ≡ (ω, q) denotes the four-momentum transfer.
Neglecting the neutrino mass, the lepton tensor L µν can be expressed in terms of the lepton kinematical variables according to
where g µν = diag(1, −1, −1, −1) and ǫ µανβ is the fully antisymmetric Levi-Civita tensor. All information on strong interaction physics is contained in the hadronic tensor
the definition of which involves the neutron matter initial and final states, as well as its current operator. In the non-relativistic limit, corresponding to |q|/m ≪ 1, neutron matter can be modeled as a uniform system of point-like particles of mass m, the dynamics being dictated by the Hamiltonian (throughout this paper, we will adopt a system of units such that = c = 1)
In the above equation,v ij andV ijk are the potentials describing two-and three-neutron interactions, while the ground and excited states appearing in Eq. (3), |Ψ 0 and |Ψ n , are eigenstates of H belonging to the eigenvalues E 0 and E n , respectively. At leading order of the expansion in powers of |q|/m, the vector and axial-vector components of the weak neutral currents reduce to the density and spin-density fluctuation operators, defined according to
Using the above expressions and choosing a coordinate system such that the z-axis is in the direction of q, implying q ≡ (ω, 0, 0, |q|), and k and k ′ lie in the the xz-plane, one can write the scattering rate of Eq. (1) in the simple form
where cos θ =k ·k
25 is the ratio of the weak axial vector and Fermi coupling constants of the nucleon. The density and spindensity response functions are defined by
A being the particle number. Note that in Eq. (7) we have introduced the trace of the spin-density response matrix
In the absence of non central interactions, S 
B. Correlated Basis Functions
Our work is based on the CBF formalism, in which the states appearing in Eq. (3) are written in the form [9, 10] 
where |Φ n is the Slater determinant describing a n particle-n hole state of the non interacting neutron gas.
The operatorF , accounting for the correlation structure induced by NN interactions, is generally written in product form asF
with the two-body correlation operatorF ij exhibiting a complex structure, which reflects the spin-dependence and non central nature of nuclear forces in the neutronneutron sector. As a consequence, [F ij ,F ik ] = 0, and the product in the right hand side of Eq. (13) has to be properly symmetrized through the action of the operator S.
The calculations discussed in this article have been carried out using the Argonne v ′ 6 potential [11] , which can be written in the form
withÔ p=1−6 ij
In the above equation, σ ij = σ i · σ j and τ ij = τ i · τ j , σ i and τ i being Pauli matrices acting in the spin and isospin space of the i-th nucleon, respectively, while the tensor operator is
The two-nucleon correlation operator is consistently defined asF
and the shape of the correlation functions f p (r ij ) is determined solving the Euler-Lagrange equations obtained from the minimization of the expectation value of the Hamiltonian in the CBF ground state
The calculation of the Hamiltonian expectation value, and, more generally, of the matrix elements of a manybody operator between correlated states, involves severe difficulties. While very accurate calculations of Ĥ can be carried out within stochastic approaches, such as Auxiliary Field Diffusion Monte Carlo (AFDMC) [12] , the derivation of the CBF effective interaction requires the use of the cluster expansion technique [9] , which allows one to cast the Hamiltonian expectation value in the form
where T F is the energy of the non interacting Fermi gas and ∆Ĥ n denotes the contribution to Ĥ arising from subsystems (clusters) involving n interacting particles. The Euler Lagrange equations for the f p (r ij ) are obtained at two-body cluster level, i.e. neglecting all contributions with n ≥ 3 in the right hand side of Eq. (19) . A detailed account of the procedure employed to determine the correlation functions can be found in Ref. [3] .
C. Effective interaction
The CBF effective interaction is defined by the relation
clearly showing that v eff ij depends on the level of approximation employed to evaluate Ĥ within the cluster expansion scheme.
The authors of Ref. [1] obtained the effective interaction including the two-nucleon cluster contribution only. This prescription, while leading to a very simple and transparent expression of v eff ij , disregards the effects of three-nucleon forces, which are known to play a critical role in determining the energy spectrum of light nuclei, as well as the saturation properties of symmetric nuclear matter. In Refs. [2, 5] , interactions involving more than two nucleons have been taken into account within the approach originally proposed in Ref. [13] , in which the main effect of three-and many-body forces is described through a density dependent modification of the NN potential at intermediate range.
A significantly improved CBF effective interaction, obtained including the three-nucleon cluster contribution in the calculation of the ground state expectation value of the Hamiltonian, has been developed by the authors of Ref. [3] . Within the scheme of Ref. [3] , three-nucleon interactions are described at fully microscopic level, using the accurate parametrization of the potential referred to as UIX [14] .
In Fig. 1 , the central and tensor components of the CBF effective interaction acting in the neutron-neutron channel are compared to the corresponding components of the Argonne v ′ 6 potential. It clearly appears that the repulsive core of the bare potential is wiped out by the screening effect arising from short range NN correlations. As a consequence, the CBF effective interaction turns out to be well behaved, and can be used to carry out perturbative calculations in the Fermi gas basis. Note that, because central and spin correlations are short ranged, the S = 0 and S = 1 central components of the effective interaction are identical to the corresponding components of the bare potential at r 1.2 fm. On the other hand, owing to the longer range of tensor correlations, the tail of the tensor component of the effective interaction lies slightly above the one of the Argonne v ′ 6 potential. The accuracy of the approach of Ref. [3] is illustrated in Fig. 2 , where the density-dependence of the energy per particle of pure neutron matter computed in HartreeFock approximation using the CBF effective interaction, shown by the dashed line, is compared to the results obtained taking into account contributions at all orders of the cluster expansion within the FHNC/SOC summation scheme [15] . The shaded region provides a measure of the uncertainty of the FHNC/SOC results associated with the treatment of the kinetic energy [9] . AFDMC energies, also shown in Fig. 2 , are only slightly lower than the variational ones. 
We have performed a calculation of the density and spindensity responses, Eqs. (8) and (9), taking into account correlated one particle-one hole (1p-1h) final states only. In the 1p-1h sector, Eq. (21) reduces to
where the labels p m and h i specify the quantum numbers of the particle and hole states involved in the transition, respectively. The matrix elements of the Fermi and Gamow-Teller operators between correlated states are obtained from a cluster expansion, similar to the one employed to evaluate the ground state expectation value of the Hamiltonian. In this case, the smallness parameters are f In Refs. [5, 16] the effective operators have been obtained including two-body cluster contributions only. In the present work, we follow the scheme of Ref. [3] , in which, consistently with the definition of the effective interaction, three-body cluster contributions to the transition matrix elements are taken into account at leading order in f emerging from the cluster expansion of the 1p-1h transition matrix elements [3] . Dynamical and statistical correlations are represented by wavy lines and oriented solid lines, respectively, while the oriented dashed line depicts the interaction with the external probe.
III. RESULTS

A. Density and spin-density responses
The density and spin-density responses have been computed from Eqs. (8) and (9), respectively, within different approximation schemes.
In the Correlated Hartree-Fock (CHF) approximation the sum over final states is restricted to correlated 1p-1h states with excitation energy
where the single particle energies are computed using the CBF effective interaction in Hartree-Fock approximation. As pointed out in Ref. [5] , the inclusion of interaction effects within the CHF approximation takes into account both the appearance of a mean field, resulting in the departure of the single particle spectrum from the kinetic energy behavior, and the occurrence of short range NN correlations that move strength from the 1p-1h channel to more complex np-nh final states, thus leading to a sizable quenching of the transition amplitudes of Eq. (22).
While these effects are known to be dominant in the kinematical region corresponding to momentum transfer |q| > ∼ 2 fm −1 [5] , in which single nucleon knock out is the main reaction mechanism, at lower momentum transfer the occurrence of collective excitation also plays a critical role. These excitation modes have been taken into account within the Correlated Tamm-Dancoff (CTD) approximation, which amounts to writing the final states in Eqs. (8) and (9) as a superposition of 1p-1h excitations of definite spin, S, and spin projection along the z-axis, S z , according to [3] |Φ n
The coefficients appearing in the above expansion, as well as the spectrum of the excitation energies of the states, ω S n , are determined solving the eigenvalue equationŝ
Numerical calculations have been performed on a cubic lattice, with a discrete set of N h states specified by the hole momenta h i such that |h i | < k F and |h i + q| > k F , k F being the Fermi momentum. The diagonalization of the Hamiltonian matrix has been carried out using ∼ 30000 basis states, and the resulting responses have been converted to smooth functions of ω using a Gaussian representation of the energy conserving δ-function of finite width σ.
The CTD density response of pure neutron matter at density ρ = ρ 0 , ρ 0 = 0.16 fm −3 being the equilibrium density of isospin symmetric matter, is shown by the dashed line of Fig. 4 . For comparison, we also show, by the solid line, the results obtained from Landau theory of normal Fermi liquids using values of the Landau parameters extracted from the matrix elements of the CBF effective interaction [6] . It appears that, unlike the case of isospin symmetric matter discussed in Ref. [3] , in pure neutron matter the density response does not exhibit the sharp peak arising from the excitation of the collective mode. We also note that two conceptually different approaches yield rather similar results, although the maximum of the CTD response turns out to be lower by ∼ 20 %.
In order to identify the contribution of tensor forces, the spin-density response function (9) can be split into Figure 5 . Spin-transverse (dashed line) and spin-longitudinal (dot-dash line) responses of pure neutron matter, computed within the CTD and CHF approximations at ρ = ρ0 = 0.16 fm −3 for momentum transfer q = 0.1 fm −1 . The solid line has been obtained from Landau theory, according to the approach of Refs. [6, 8] .
its longitudinal and transverse components, defined as
whereq = q/|q|. Note that in the absence of tensor forces S L = S zz = S xx = S T , the elements of the spindensity response matrix being defined as in Section II A. The spin-transverse and spin-longitudinal response functions of pure neutron matter at density ρ = ρ 0 = 0.16 fm −3 , computed in CTD approximation, are displayed by the dashed and dot-dash lines of Fig. 5 , respectively. The solid line corresponds to the spin-density response obtained from Landau theory within the approach discussed in Refs. [6, 8] , in which the effect of the tensor interaction is neglected.
In this case the peak associated with the collective excitation sticks out in both the spin-longitudinal and spintransverse channels. The results of Landau theory are in perfect agreement with the CTD S T , while tensor interactions turn out to have an appreciable effect on S L .
B. Neutrino mean free path
The mean free path of non degenerate neutrinos, λ, can be obtained from the scattering rate of Eq. (7) using the relation [8] 
The ratio between the mean free path at ρ = ρ 0 obtained within the approximation discussed in Section III A and that corresponding to the non interacting Fermi gas, λ F G , is displayed in Fig. 6 as a function of neutrino energy. The solid line shows the results of the full CTD calculation, whereas the dashed line has been obtained neglecting the effects of tensor forces. The dot-dash line represents the mean free path computed within the CHF approximations, i.e. not taking into account the occurrence of collective excitations. It clearly appears that interactions lead to a large enhancement of the mean free path, reflecting the quenching of the scattering rate, and that both short and long range correlations play an important role. In particular, the inclusion of the collective mode in the calculation of the response produces a reduction of the neutrino mean free path of about 25%.
C. Sum rules
As pointed out above, in the presence of NN correlations the set of final states accessible in neutrino nucleus interactions driven by the the operators of Eqs. (5) and (6) is not exhausted by 1p-1h states. More complex npnh states, not taken into account in this work, can also be excited.
The uncertainty associated with the truncation of the space of final states can be estimated studying the static structure functions, or sum rules, defined as the ω-integrals of the corresponding response functions.
Exploiting completeness of the set of final states, the density and spin-density sum rules can be cast in the Figure 6 . Energy dependence of the ratio between the neutrino mean free path in pure neutron matter obtained within the approximation schemes discussed in Section III A and that corresponding to the non interacting Fermi gas. Solid line: full CTD approximation; dashed line: CTD approximation without tensor interactions; dot-dash line: CHF approximation. All calculations have been carried out at density ρ = ρ0.
where the central and spin distribution functions are defined as [17] 
and . . . denotes the expectation value in the neutron matter ground state. As the distribution functions (32) and (33) can be accurately evaluated within microscopic many body approaches using the same Hamiltonian employed in the CTD calculation, comparison between the integrated CTD responses, given by the first line of Eqs. (30) and (31), and the sum rules obtained from the second line provides a quantitative estimate of the role of np-nh final states. In Figs. 7 and 8 the sum rules extracted from the CTD responses (crosses) are compared to those computed using the FHNC distribution functions (solid lines). We also show the results of the AFDMC approach (dots with error bars), in which S ρ (q) and S σ (q) are obtained from a direct calculation of the ground state expectation value of the operators (5) and (6) . Figure 7 . Density sum rule of pure neutron matter at ρ = ρ0, as a function of the magnitude of the momentum transfer. The crosses show the results of the direct integration of the CTD response, whereas the dashed line and the dots have been obtained computing the ground state expectation value of Eq. (32) within the variational FHNC and AFDMC approaches, respectively. For comparison, the density sum rule of the non interacting Fermi gas is also shown by the solid line. A detailed description of the evaluation of observables within AFDMC can be found in, e.g., Refs. [18, 19] . Because in the case of operators that do not commute with the Hamiltonian the result depends on the trial wave function, we have computed the spin-density sum rule exploiting the Helmann-Feynmann theorem and using the modified Hamiltonian
For each value of q the simulation has been performed several times using small values of α, and the sum rule has been obtained from
where E α = Ĥ ′ α . The CTD sum rule of the density response exhibits the correct behaviour in the |q| → 0 limit, while, owing to the approximations involved in the variational approach, the FHNC result fails to fulfill the requirement S ρ (0) = 0. It is worth mentioning that such violation is in fact small: S ρ (0) ≃ 0.005. Due to the presence of tensor interactions, the spin-density sum rule is not constrained to vanish for vanishing momentum transfer. The FHNC calculation yields S σ (0) = 0.03, while the CTD results appears to tend to zero. The agreement between the CTD and AFDMC sum rules at intermediate momentum transfer (|q| < ∼ 1.5 fm −1 ) suggests that in this kinematical region, in which the non relativistic approximation employed in our work is fully justified, the contribution of 2p-2h final states is not large.
IV. CONCLUSIONS
We have carried out a calculation of the density and spin-density responses of pure neutron matter, determining the neutral current neutrino cross section in the low energy limit.
Our study is based on the CBF formalism, allowing for a fully consistent derivation of both the effective interaction and the effective operators within a dynamical model based on a realistic phenomenological Hamiltonian.
The role played by short and long range correlations has been analyzed comparing the results of the CHF approximation, in which the space of neutron matter final states is truncated at the level of 1p-1h excitations, to those obtained within the CTD scheme, in which the transitions between 1p-1h states induced by the effective interaction are also taken into account.
Compared to the results of Ref. [3] , in which a similar study was carried out for isospin symmetric matter, we find an important qualitative difference, in that the excitation of the collective mode only occurs in the CTD spin-density response.
To test the consistency between different many-body approaches based on the same dynamical model we have compared the CTD responses to the corresponding results obtained from Landau theory using the set of Landau parameters computed using the CBF effective interaction. Overall, the agreement between the two conceptually different schemes turns out to be remarkably good.
The calculated responses have been used to determine the neutrino mean free path, providing a useful parametrization of the opacity of neutron matter. The results clearly show that neutron-neutron interactions lead to a large increase of the mean free path, and that collective excitations play an important role.
The comparison of the ω-integrated response functions with the sum rules obtained from accurate many-body calculations, carried out within the FHNC and AFDMC approaches, suggests that the contribution of 2p-2h final states, not included in our study, while being not totally negligible, is quite small in the kinematical region relevant to astrophysical applications, in which the non relativistic reduction of the nucleon weak current is expected to be applicable. However, the extension of the formalism described in this article to include the occurrence of 2p-2h final state does not involve severe conceptual difficulties.
